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Accepted: February 8, 2026 scale atmospheric modeling due to its computational efficiency and ability to preserve
the amplitude of pure oscillations during long integrations. However, the three-time-
level nature of the LF method introduces a parasitic computational mode that can grow

I;eyw]g;;ls over time and contaminate physical solutions. Traditionally, the Robert-Asselin (RA)
r; . . . .

A};"afmé de}:"qua tions, filter has beep employed to suppress this mode, but it inadvertently damps the physmgl
Leapfrog Method, mode, reducing the LF scheme's formal accuracy from second to first order. This
Error Analysis. research provides a rigorous mathematical analysis of modern time filters—specifically

the Robert Asselin (RA), Robert Asselin Williams (RAW), and higher-order Robert
Asselin (hoRA) filters— using the method of modified equations to evaluate phase and
amplitude errors. By solving the linear system for each filtered scheme, we derive
equivalent linear multistep methods and their corresponding two-term modified
equations. Our findings confirm that the RAW filter significantly mitigates the physical
mode damping of the RA filter, recovering second-order accuracy when parameters are
optimally tuned (e.g., @ = 0.53). Furthermore, the hoRA filter demonstrates even
higher performance, attaining second-order accuracy generally and third-order accuracy
for the specific choice of f = 0.4. Numerical tests on the oscillation equation validate
these theoretical derivations, showing that the hoRA filter yields the lowest amplitude
and phase error magnitudes compared to the RA and RAW alternatives.

1. INTRODUCTION

The leapfrog (LF) scheme has long been a preferred time-stepping method in numerical weather
prediction because it is both accurate and efficient. It offers a major advantage in its ability to preserve
the amplitude of pure oscillations, avoiding the excessive numerical damping common in other
schemes—an important property for long integrations. Additionally, the LF method is computationally
efficient, requiring only one evaluation of the model tendencies per time step, making it attractive for
large-scale atmospheric models. The leapfrog method, which employs data from three distinct time
points, generates two distinct solution modes when applied to linear systems: a physical mode that
represents the true solution and a computational mode that is purely numerical. While the computational
mode remains neutrally stable in linear problems, nonlinearities can couple it with the physical mode
and cause its amplitude to grow. Although this growth is usually negligible in short simulations, it can
become significant in long integrations, eventually allowing the computational mode to contaminate or
even dominate the solution. The Robert Asselin (RA) filter has been widely studied, particularly with
respect to its accuracy and stability [1-8, 20,21] which finds extensive utility in operational weather
forecasting, global climate simulations, ocean dynamics modeling, and specialized rotating-annulus
studies. Despite its popularity, the RA filter has a significant drawback: its effect extends beyond the
computational mode, also damping the physical mode. This unwanted damping reduces the leapfrog
scheme’s formal accuracy from second to first order and can degrade simulation quality. Consequently,
physical invariants such as energy that are conserved in the continuous equations may no longer be
conserved once the RA filter is applied. Since many atmospheric models rely on legacy code built around
the RA-filtered leapfrog scheme, there is strong interest in simple, non-intrusive improvements that

480 License: CC BY-NC 4.0


https://doi.org/10.17798/bitlisfen.1840686
mailto:ahmet.guzel@batman.edu.tr
https://www.beu.edu.tr/
https://dergipark.org.tr/en/pub/bitlisfen
https://orcid.org/0000-0002-6514-9805

A. Giizel / BEU Fen Bilimleri Dergisi 15(1), 480-491, (2026)

avoid major code redesign. In this context, Williams [7, 9,10] introduced a modified version of the RA
filter designed to enhance performance while remaining compatible with the existing leapfrog
framework. This modification, known as the Robert—Asselin—Williams (RAW) filter, greatly mitigates
the RA filter’s excessive damping of the physical mode while recovering the leapfrog scheme’s second-
order accuracy. This improvement comes with a minor loss of stability, but the filter has nonetheless
been widely implemented and investigated in [8, 10-12]. According to Li and Trenchea [13], the higher-
order Robert—-Asselin (hoRA) time filter attains third-order accuracy while maintaining the
computational efficiency of the RAW filter. When applied to the leapfrog method, the hoRA filter yields
performance— in terms of accuracy, stability, and efficiency— comparable to the third-order Adams—
Bashforth method [14, 15], yet remains easy to implement within existing legacy codes. To assess how
different time filters influence the phase and amplitude characteristics of the leapfrog scheme, we
conduct a modified-equation analysis, which also offers insight useful for evaluating errors in higher-
order linear multistep methods.

2. MATERIALS AND METHODS

2.1. Preliminaries

The phase and amplitude accuracy of time-integration methods applied to non-dissipative dynamical
systems is often modeled and analyzed by solving the generalized oscillation equation (see [16, 17])

u'(t) =iwu(t) and u(0) =1 (1)

Here, i signifies the imaginary unit, and o is a real-number constant. we summarize the main properties
ofthe RA, RAW, and hoRA time filters. When applied to equation (1), the leapfrog scheme incorporating
the RAW filter takes the form.

Upy1 = Up_q + 2iwAtuy, (LF)
av
u, =u;+ > (upq — 2wy, + up_q), (RA)
* *% (a - 1)V *% *
Un+1 — Up+1 + T Un+1 — 2un + un—l): (W)

where the symbols u**,u* and u indicate the unfiltered solution, the filtered solution, and the solution
after two filter applications, respectively. These parameters, expressed in nondimensional form, satisfy
v € [0,1] and @ € [0.5,1]. When a¢ = 1 the (W) term vanishes, recovering the LF-RA scheme; similarly,
setting v = 0 yields the standard leapfrog (LF) method. The RA and RAW filters are first-order accurate
and suppress the computational mode, with the RAW filter better preserving the physical-mode
amplitude. If 0=0.53 the LF-RAW formulation conserves the mean across the three-time levels and
achieves second-order accuracy, while its representation of the physical-mode amplitude reaches third-
order accuracy. Despite this advantage, the LF-RAW scheme becomes unconditionally unstable at this
value of a. When a is chosen slightly above 0.5—for example, a=0.53 the LF-RAW scheme still
produces physical-mode amplitudes that are nearly third-order accurate (see [7, 18]). The leapfrog
scheme with the hoRA filter (LF-hoRA), when applied to equation (1), is expressed as follows

Uptr = Up_q + 2iwAtuy, (LF)
Un =uUp + E (un+1 — 2up + un—l) - E (un —2uUpy_q + un—z) (hoRA)

where u and u* are correspond to the filtered and unfiltered solutions in the same order, and B€E[0,1]
denotes a nondimensional filter parameter. In the asymptotic limit of adequate temporal resolution,
0AtK1, the LF-hoRA scheme attains second order accuracy in general, while third order accuracy is
achieved for the specific choice f=0.4. (see [13]).

2.2. Linear Multistep Methods of LF-RA, LF-RAW and LF-hoRA

We first solve the linear system (LF)-(RA-(W) for uy, and u; 4 in terms of u,, u,_; we acquired
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Up — VAU, _q

ul = .
n 1+ vaioh —va’
Uy — VAU, _q

Upir = (I=v+va)u,_; + Qiwh —viwh +v + vaiwh — va) 1+ vaioh —va
By comparing the expression for u,_,, with the corresponding expression for uy, after applying the index
shift from n to n + 1, we find that the filtered leapfrog with RAW scheme can be written in the form of
an equivalent following linear multistep method,

Upp1 =vu, + (1 —V)uy_1 +iwh(2 +va —v)u, — ivhvau,_;.

Moreover, setting @ = 1 in this formulation recovers the standard RA-filtered leapfrog scheme. Similar
to (LF)-(RA)-(W) linear multistep method, The linear system is solved with the leapfrog method
combined with the hoRA filter (LF-hoRA) for u;, and u;,,, interms of u,, u,_; and u,_,, we obtain

N Up — 2ﬁun—l + éiun—z

Uy =

1- % + iwAtf
) 4iwAt + 2iwAtS — 2iwAtS I
un+1 = un—l + 2 _ 3ﬁ + zl(l)Atﬂ (un - Z.Bun—l + Eun—z)-

By matching the expression for u,,; with the corresponding expression uy, after replacing indices from
nton+ 1, we conclude that the hoRA-filtered leapfrog scheme is equivalent to the following linear
multistep method

Up1 = 2Pun + (1 = 2B)up—1 + iwAt(2u, — 3Bup—1 + Pup—2).
In this work we focus on a new approach employs modified equations to evaluate the phase and
amplitude errors of time filters commonly applied to the leapfrog scheme, namely, LF-RA, LF-RAW
and LF-hoRA.
3. RESULTS AND DISCUSSION
3.1. Error Analysis with Modified Equations

We will analyze the behavior of time filtered leapfrog scheme on the oscillation equation (1) by using
two term modified equation [19]. We denote the phase and amplitude error as R, and A, respectively.

3.1.1. Leapfrog with Robert Asselin Time Filter

Theorem 1: The phase and amplitude error in LF Robert-Asselin (RA) time filter applied to oscillation
equation (1) is

1+v
R, = ———— w?h? + O(h*
+ =3 oy @ O
__L 212 4
44| = = 5y @ + 0.

Proof: Consider linear multistep method of LF-RA time filter with oscillation equation (1),
Upy1 = VU, + (1 —V)u,_1 + 2iwhu, — iwhvu,_4 (2)

The LF method constitutes a second-order approximation to the oscillation equation, in contrast to LF-
RA, which is first-order accurate. The associated two-term modified equation for (1) is

y' = iwy + hg,(y) + h2g,(y)
Thus,
" = —w?y + iwhg, (¥) + iwhgi (»)y + O(h?)
ym — —l(lJ3y + O(h)
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Local truncation error of LF-RA applied modified equation with assumption of all previous numerical
solutions are exacti.e. u, = u(t,), Up_q1 = U(ty_1), ..., Uy = u(ty) is

ht, = y(tn+1) — Yn+1

. . 3
= Yn+1 — V¥n — (1 = V)yp_1 — 2iwhy, + iwhvy,_; ®)

Apply Taylor expansion of y,,_; and y, 4 at time t,, and substitute in (3),

h2 h3
ht, = yn+hy7’1+7y1’{+g w + O | — vy,

h2 h3 .
~(A=V)On = hyn + w0 =y +0(h") = 2iwhy,

h? h3
+iwhv| y, — hy;, + 731,’{ - Ky,’l" + 0(hY)

Eliminate higher order terms and rearrange,

ht, =0-v—-1+4+v-2iwh+iwhv)y,+ (1 +1—v—iwhv)hy,
2 h3
+(1-1+v+ iwhv)7yﬁ +(1+1-v-—- iwhv)zy,’{’ + O0(h")

= (—2iwh + i)y, + (2 —v — iwhv) hyy,
h? h3
+(v + iwhv)7y,’{ + (@2 - v)?yr’{’ + 0(h%)

Now substitute yy, ' and vy, and simplify,

w?v
ht, = (Tyn + (2 - V)Ql()’n)) h?

iw3 iw3v

lwv lwv 3
T 000+ 5010V =3V 5 Vu + (2= V)G ()R,
set coefficient of h? term to zero, we get g; (V)
w?v
= It 2 =)0 = 0= 9:0m) =

v 2
22-n“

Now substitute g; (3,,) and g; (3,,)'in the coefficient of h? term then set it to zero, we find g, (y,,),

3 3

lwv v ) lwv v ) ) iw>v
—T(—mw Yn) +T(—mw Wn==3 V=3 Yt (2=)g2(0) =0
1+v
= 92(Vn) = 32 —v)
Thus, the two term modified equation corresponding to the oscillation equation for LF-RA is
y =iwy — ﬁwzhy + %iuﬁhzy

The analytical solution of the oscillation equation (ug,;) and two term modified equation (y,;) for RA
is

Uge = €' = cos (wt) + isin (wt)

. 1% 2, , 1+v . 3 5
Vool = e(lw = h.3(2_v).w h)t

. 1+v . 3., v 2
_ e(1w+—3(2_v)lw h )te( —Z(Z—V)w h)t
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(

v 2
————w*“h)t 1+v
= e iem® M (cos (wt +

3(2-v)

1+v
3(2-v)

w3h?t) + isin (wt +

w3h2t)).

For the LF-RA method, the physical-mode phase speed error is given by

ot + 1+v
ar 3(2 — 1+v

= 9r90s0) _ g _ Z-v) —1=————w?h? + 0(h?).
arg(User) wt 3(2-v)

The amplitude of the physical mode in the LF-RA method is determined to be

. 1+v . 3 2) (_ v 2 )
(lw+—3(2_v)lw h te 22-® h|t

w3h?t
R+ - 1

|A+| = |ysol| - Iusoll = -1

(ze=en):

—1+0(hY).

As we are examining the local error, we set t = h and consider x to be very small, e*x = 1 + x then

v 2n2 _ 3y — —
T @t =1+ 0(h%) =

v
2(2-v)

|[A+] = 1Ysotl = [Usort] =1 — w?h? + 0(h3).

3.1.2. The RAW Filtered Leapfrog Scheme

Theorem 2: The phase and amplitude error in Robert-Asselin-Williams (RAW) time filter applied to
oscillation equation (1) is
3V (a—-1D)Ra-1)+Ww-3va—-2)2-v)

_ 2,2 4
R, 6= v)? h%w? + 0(h*),

2va —v)
22 —-v)
Proof: Consider linear multistep method of LF-RAW time filter applied to oscillation equation (1),

14,] = h2w? + 0(h*) .

Upsy1 = VU + (1 = V)uy_q + iwh(2 + va — v)u, — ivhvau,_, 4)

Recall that the leapfrog (LF) method provides a second-order approximation to the oscillation equation,
whereas the LF-RAW scheme yields only a first-order approximation. The two-term modified equation
corresponding to the oscillation equation for LF-RAW is given by

y' = iwy + hg:(y) + h2g, ().

Therefore,

y" =-w’y+iowhg (y) + iwhgi )y + O(h?).

y" = —iwdy + 0(h).
Local truncation error of LF-RAW applied modified equation with assumption of all previous numerical
solutions are exact i.e. u,, = u(t,), Un_1 = U(tp_1), -, Uy = u(ty) is

ht, = y(ths1) — Yn+1
=Y(tn+1) = Wy + (1 =V)¥p_q + i0h(2 +va —V)y, — ivhvay,_,)

= (—2iwh + iwhv + 2iwh — iwhv)y,
5 w?v , | dov ,
H((@™va = =)y + (2 = V)1 )R + (g1 (V) — iwveg, (n)
iwv iw3va iw3 iw3v s .
+791(yn)yn T T et et (2 =v)g2(m))h” + O(h%).

Set coefficient of h? term to zero, we find g, (),

Qva —v)
22 -v)

2

w3v
(wzva - T) Yat 2=v)g1() =0=g,(,) = WYy,
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Now substitute g, (v,,) and g; ()" in the coefficient of h® term, then set it to zero, we find g, (v,,) ,

[_iwva(_ %aﬂyﬁ) + % <_%wzﬁl>
iwv =~ va-v) , iw3va w3 iw3v
+T(—mw Wn ==Y~ 3 Yt It (2-1)g20n)] =0
3vi(a—1)QRa—-1)+ (v —-3va—2)2-v) .
= g2() = - iw®yy.

6(2 —v)?

Thus, the two term form of the modified oscillation equation for LF-RAW is

;. Qua-v) 31/2((1—1)(20:—1)+(v—3va—2)(2—v)h2_ 5
TV R 6(2 — v)? wy
The analytical solution of the oscillation and two term modified equation for LF-RAW is
Uy = et = cos(wt) + i sin(wt).
. (2va-v) 3v2(a-1)(2a-1)+Wv-3va-2)(2-V), 5.
Vsol = elwt 2(2-v) hott 6(2-v)? nhiwt
_@va—v), 2 v (a—1D)Ra—1D+(V-3va—-2)2-v
= e 2@V t(cos (wt — ( X ) +( ) )h2w3t)
6(2 —v)?
3v2(a—1DRa—1D+(v-3va—-2)2-v
+isin (wt — ( X )+ ( X )h2w3t)).

6(2 —v)?
The LF-RAW scheme exhibits the following phase speed error for the physical mode

200 — — — — —
W (@—-DRa-1)+ v —-3va—-2)(2—-v) h2wdt

t
_argOse) . _ ¢ 6(2 —v)?
R,—1 =—22°_ 1= 1
arg(usol) wt
3v3(a — 1DRa—1)+ (v —3va—2)(2-v)

= 5T —v)? h2w? + O(h*)

For the LF-RAW method, the physical-mode amplitude is given by

; (2va-v) 3v2(a-1)2a-1)+Wv-3va-2)(2-v), ,.
elwt 2= hw?t e—1)? h2iw3t _1

|A+| = Ysotl — lUsotl =

_Qva-v)

2
e 202-w) M@t

— 1+ 0(h?).

To analyze the local error, we let t = h and consider x in the limit of small values, e*x = 1 + x then

(2va-v) (2va-v)
ALl = [Ysorl = [usotl =1— mhzwz -1+0(%) = mhza)z + 0(h").

3.1.3. Leapfrog Method Enhanced with Higher-Order Robert—Asselin (hoRA) Filter

Theorem 3: Phase and amplitude errors associated with the higher-order Robert—Asselin (hoRA) time
filter. applied to oscillation equation (1) is

2 —58

R+ = ma)zhz + 0(h4)
B2 —3)

|A+| = Ww4h4 + 0(h6)
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Proof: Consider linear multistep method of LF-hoRA with oscillation equation (1),
Upyr = 2Buy + (1 —2B)uy_q1 + 2iwhu, — 3iwhfu,_, + ivhfu,_, (5)

Recall that leapfrog (LF) method provides a second-order approximation of the oscillation equation, and
the LF-hoRA scheme retains this second-order accuracy while incorporating the higher-order Robert—
Asselin time filter. Two term modified equation of oscillation equation is
y' =iwy +h2g:(y) + h2g, ().

Thus,

y" = —w?y+iwh’g;(y) + iwh’gi(y)y + O(h3).

y"  =—iwdy + 0(h?).

y®  =wty +0(h?).
Local truncation error of LF-hoRA applied modified equation with assumption of all previous numerical

solutions are exact i.e. u,, = u(ty), Up—1 = u(ty—1), ..., Uy = u(ty) is

ht, =y(tyt1) — Yns1
= Vn+1 — (Zﬁyn + (1 = 2B)Yn-1 t+ 2iwhy, — 3iwhBy,_1 + iwhBy,_3)

e
= <<lw2ﬁ —%+ po” )yn + @2 - Zﬁ)gl(yn))h

Sw*B  w*p . .
+(( et ?)yn —iwfg1(n) + (2 = 2B)g2(0m) + iwBgr(Vn)
+iwBgi () yn)h* + O(h®).

Set coefficient of h*3 term to zero, we obtain g, (¥)

w3p iwd® iw3p 2-58
- 2-2 = w3
( > 3 T >J’n+( B)gi(v) = 0= g,(y) = 4= ——iw3y,
Replace g, (y) and g, (y)' in the coefficient of h* term then set it to zero, we obtain g, (¥y,),
Sw‘%’ ﬁ _ 2-58
( + (2= 28)92(0) + iwp ————=iw’y, =0

6 12(1-p)
6>-98 , _B@2B-3) W

A1 — 2@ Wy,

24(1-p)2 " " 8(-p2 "

Thus, the oscillation equation expressed as a two-term modified equation for LF-hoRA is
2-5 2 -3

_2-5k iw3h%y +'B( p-3) w*h3y

12(1-p) 8(1—-p)?

The analytical solution of the oscillation and two term modified equation for LF-hoRA is

= 9>,(n) =

y' =iwy +

Usey = et = cos(wt) + i sin(wt)
it 42258 ; B(2B-3)
Ysol = 120~ ﬁ) W it " 8(1-pB)? w'he
B(Zﬁ 3) w4n3 2_5 2-5
= e801- 8(1-p)? t(COS (wt + W_'Bﬁ)w%zt) + isin ((l)t + T_Bﬁ)aﬁhzt)).
The phase speed error associated with the physical mode of the LF-hoRA method can be expressed as
_2=5B _ 3p2
wt + 57— w>h
ar 12 1-— 2-5
R, —1=290s) P _ 225 oo,
arg(usol) wt 12(1 - ﬁ)
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The LF-hoRA scheme yields the following amplitude for the physical mode

258 . 3p2e4BC2B=3) ap3,
[Vsotl = [usotl = a0 B) 8(1-p)2* -1
B2B=3) ‘aps,
= [e8G-F2® | — 14 0(hh).

Since our interest is in the local error, we choose t = h and examine the case where x is very small,
ex = 14 xthen

26 —3
A4l = |Ysotl = lusorl =1 +%w4h4 -1+ 0(h6)
_B(@2B—3)

= 80 57 w*h* + 0(h®).

3.2. Summary and Numerical Test

For clarity and ease of comparison, the critical characteristics of these schemes specifically their order
of accuracy and leading error terms are collated in Table 1.

Table 1. Summary of phase and amplitude error of time filter used with Leapfrog scheme

. Leading
Filter Order of Amplitude Error Leading Phase Speed Error Term
Scheme Accuracy
Term
-V 1+v
LF-RA 1 55— (wh)? ———(wh)?
202 —v) @M 32— @M
vQa—-1) V2 (a—1)Ra—-1)+v—-3va—2)2—-v)
LF-RA lor2 z - (wh)?
\W% or 22 =) —(wh) 62 =2 (wh)
B(2B —3) 2—-5p
LF-hoRA 20r3 ———(wh)* wh) ?
° o3 Ba-pr @M na-p

The standard method for assessing phase and amplitude errors in time-stepping schemes for non-
dissipative systems is to analyze the solutions of the oscillation equation [9]

u'(t) = iou(t) and u(0) =1

where w = 1 and exact solution is u(t) = exp (iwt) . We use optimal parameter configurations for LF-
RA (v =0.1), LF-RAW (v = 0.1, a = 0.53) and LF-hoRA (f = 0.4). A numerical comparison of the
time filters applied to the oscillation test problem—specifically with At = 0.01 is presented in Figures
1 and 2 and Table 2. Additionally, Figure 3 with At = 0.1 details the amplitude evolution over the
interval t € [0,20] with a magnified view of the period t € [15,20].
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Comparison of Amplitude with Exact Solution

1.00015 | .
1.0001 .
1.00005 | -
Exact
1T——————————
8 T~ -
5 0.99995 | e -
= —
2 ~~-
L - J
£ 09999 ~
- s
0.99985 | -~ .
el —
0.9998 [ el .
— — —LF-RA T~
0.99975 | |—-—-— LF-RAW B
LF-hoRA
0.9997 [ Evact -
i i i i i i i i i
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

Figure 1. Comparison of amplitude of time filters compared to exact solution of oscillation equation
for At = 0.01 from t=0to 1.

Amplitude Error Magnitude {Log Scale)

107 - T
1074 F T ;
- lrr...-'r._
-
-
S e ————
0% r e T :
F S i
-
= fof ™
g Il:._[‘l.;".
-y
L 10'5 I_J. 4
o T
=]
—

— — —LF-RA

LF-haRA | ]

] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

Figure 2. Comparison of amplitude error magnitude for oscillation equation for At=0.01 from t=0 to
1.

488



A. Giizel / BEU Fen Bilimleri Dergisi 15(1), 480-491, (2026)

A. Solution of Time Filter used with Leapfrog scheme applied to oscillation test problem from t=0 to t=20.

“-_ Exact I I \
N [——LFRa v
L\ |- -LrRaw !
05 LF-hoRA
@ \
o \
2 A\
5 0f \
= \
< A
05 "-.\ -
\
q | | I el
0 2 4 ] 8 10 20
Time
T
== =~ _
o
o
2
= i
E
< J
15 ! ! ! ! ! ! ! ! !
15 15.5 16 16.5 17 17.5 18 18.5 19 195 20

Time

Figure 3. The exact solution of oscilattion equation with At=0.1 compared to time filter with v=0.1(RA
filter parameter),a=0.53(RAW filter parameter),f=0.4(hoRA filter parameter)

Table 2. Numerical error comparison of time filter applied to oscillation equation with At = 0.01.

Method Amplitude Error( At = 0.01) Phase Error( At = 0.01)
LF-RA 2.59115e-04 1.88079¢-05

LF-RAW 1.67784¢-05 1.76016e-05

LF-hoRA 2.96979¢-07 1.08442¢-07

4. CONCLUSION

Accurate and efficient time-stepping is crucial for reliable weather and climate simulations and remains
an active research area. This work focuses on time filters applied to the widely used leapfrog scheme,
analyzing their phase and amplitude errors via modified equations for the RA, RAW, and hoRA filters.
By connecting filter design to modified equation analysis, this work offers practical guidance for
enhancing the reliability and performance of leapfrog-based numerical schemes.
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