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This paper demonstrates that the ambiguity function, which is well-known for its 

significant engineering applications, provides results on boundedness on the 

Hardy and 𝐵𝑀𝑂 (Bounded Mean Oscillation) spaces, which are also of central 

importance in various mathematical fields of study, including Fourier and 

harmonic analysis. Furthermore, the study meticulously investigates the Hardy 

and 𝐵𝑀𝑂 distances between two ambiguities that depend on different windows 

and signals. 
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1. INTRODUCTION 

Let ℎ denote a function on ℝ𝑑 . The modulation operator of ℎ is specified as 𝑀𝜇ℎ(𝑦) =

ℎ(𝑦) exp(2𝜋𝑖𝜇 ∙ 𝑦) for 𝜇, 𝑦 ∈ ℝ𝑑 , while the translation operator is on 𝐿𝑢ℎ(𝑦) = ℎ(𝑦 − 𝑢) for 𝑦 ∈ ℝ𝑑. 

𝐿 and 𝑀 are sometimes known as the time and frequency shift operators, respectively. Operators 𝐿𝑢𝑀𝜇 

or 𝑀𝜇𝐿𝑢 are known as time frequency shifts. 𝐿 and 𝑀 do not commute. However, we observe instantly 

the canonical commutation relations 

𝑀𝜇𝐿𝑢 = 𝑒2𝜋𝑖𝑢∙𝜇𝐿𝑢𝑀𝜇.  

It is evident that 𝐿 and 𝑀 commute if and only if 𝑢 ∙ 𝜇 ∈ ℤ. 

If 𝑝 ∈ [1, ∞), the Lebesgue spaces which is denoted by 𝐿𝑝(ℝ𝑑), is defined as the set of complex-

valued measurable functions on ℝ𝑑 that satisfy 

∫|ℎ(𝑦)|𝑝𝑑𝑦 < ∞.  

If ℎ ∈ 𝐿𝑝(ℝ𝑑), the 𝐿𝑝 norm of ℎ is defined by 

‖ℎ‖𝐿𝑝 = ‖ℎ‖𝑝 = (∫|ℎ(𝑦)|𝑝𝑑𝑦)
1

𝑝⁄ < ∞.  

𝐿𝑝(ℝ𝑑) is a Banach space with the norm ‖∙‖𝑝. 

For 𝑝 = ∞, the 𝐿∞ norm is the essential supremum of the function's absolute value: 

‖ℎ‖∞ =  𝑒𝑠𝑠  sup
𝑥∈ℝ𝑑

|ℎ(𝑥)| .  

The 𝐿∞(ℝ𝑑) space is the set of all measurable functions that are essentially bounded on ℝ𝑑. 

It is known that a ℂ valued function ℎ defined on ℝ𝑑 is called a locally integrable function if 

∫|ℎ(𝑥)|𝑑𝑥 < ∞, where 𝐾 ⊂ ℝ𝑑 is compact and the integral is over 𝐾. 𝐿𝑙𝑜𝑐
1 (ℝ𝑑)  denotes the spaces of 

locally integrable functions. 
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Let ℎ ∈ 𝐿1(ℝ𝑑). Let us define ĥ  (or h ) by 

ℱℎ(𝑧) = ℎ̂(𝑧) = ∫ ℎ(𝑥)𝑒−2𝜋𝑖𝑥∙𝑧 𝑑𝑥,     𝑧 ∈ ℝ𝑑 ,  

where 𝑥 ∙ 𝑧 = ∑ 𝑥𝑖𝑧𝑖
𝑑
𝑖=1  is the usual scalar product on ℝ𝑑. ℎ̂ is referred to as the Fourier transform of 

ℎ. 

The following definition constitutes the cross-Wigner-Ville distribution of functionals ℎ and g, which 

are elements of the 𝐿2(ℝ𝑑) space: 

𝑊(ℎ, 𝑔)(𝑥, 𝑤) = ∫ 𝑒−2𝜋𝑖𝑡∙𝑤ℎ(𝑥 + 𝑡 2⁄ ) 𝑔(𝑥 − 𝑡 2⁄ )̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑑𝑡.  

If we write ℎ instead of 𝑔, then 𝑊(ℎ, ℎ) = 𝑊ℎ is known as the Wigner distribution of ℎ. In the 

context of analyzing non-stationary signals, it is imperative to employ both time and frequency 

representations, as the Fourier analysis, a valuable instrument for the study of stationary signals, is 

inadequate for the comprehensive analysis of non-stationary signals. The Wigner distribution is the 

most often used time-frequency representation because it offers a high-resolution representation in 

both time and frequency for non-stationary signals. However, in 1950s, the theory of the Wigner 

distribution underwent a significant reformation within the domain of sonar and radar signal analysis. 

The fundamental premise of this theory hinges upon the utilization of the echo from a transmitted 

signal to determine the position and velocity of a target. In [11], Woodward's seminal contribution to 

the field of mathematical analysis was the introduction of a novel function for the analysis of sonar 

and radar signals which was named the "ambiguity function." 

The cross- ambiguity-function of functionals ℎ and g, which are elements of the 𝐿2(ℝ𝑑) space, is 

defined as follows: 

𝐴(ℎ, 𝑔)(𝑥, 𝑤) = ∫ 𝑒−2𝜋𝑖𝑡∙𝑤ℎ(𝑡 + 𝑥 2⁄ ) 𝑔(𝑡 − 𝑥 2⁄ )̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑑𝑡,  

if ℎ is equal to 𝑔, then 𝐴ℎ(𝑥, 𝑤) is referred to the autoambiguity function of ℎ is 

𝐴ℎ(𝑥, 𝑤) = ∫ 𝑒−2𝜋𝑖𝑡∙𝑤ℎ(𝑡 + 𝑥 2⁄ ) ℎ(𝑡 − 𝑥 2⁄ )̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑑𝑡.  

It is important to note that the term "ambiguity functions" is used to refer to both autoambiguity and 

cross ambiguity functions, [2,7-9,11]. 

There are significant connections between the theory of Hardy Spaces (HS) and many areas of 

mathematical study, such as Fourier analysis, harmonic analysis, operator theory and singular 

integrals, signal and image processing, and control theory. The literature has demonstrated that the HS 

is more appropriate than the Lebesgue space for certain harmonic analysis concerns. The maximal 

functions can be defined as follows, and this will allow us to give an equivalent definition of HS 

𝐻1(ℝ𝑑): We are going to take a function that is both integrable and smooth. This function will be 

denoted by ' 𝜑 ' and its domain will be the 𝑑-dimensional Euclid space, with its support lying in the 

unit ball. In addition, it should be ∫ 𝜑
ℝ𝑑 = 1. Let us set 𝜑𝑡(𝑦) = 1 𝑡𝑑⁄ 𝜑(𝑦 𝑡⁄ ), 𝑡 > 0. For an 

integrable function ℎ, the maximal operator, represented by the symbol 𝜑, is defined as follows: 

𝜑ℎ(𝑦) = sup
𝑡>0

|ℎ ∗ 𝜑𝑡(𝑦)|.  
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The HS 𝐻1(ℝ𝑑)  represents the linear space of all ℎ ∈ 𝐿1(ℝ𝑑) if, for some 𝜑 ∈  (ℝ𝑑) with ∫ 𝜑
ℝ𝑑 =

1, 𝜑ℎ is in 𝐿1(ℝ𝑑), where  (ℝ𝑑) is the Schwartz space. If ℎ belongs to HS, then 𝐿𝑢 is in HS and 

‖𝐿𝑢ℎ‖𝐻1 = ‖ℎ‖𝐻1 . 

The space of functions of Bounded Mean Oscillation (𝐵𝑀𝑂) provides a framework for describing 

functions whose local fluctuations are uniformly controlled. While a 𝐵𝑀𝑂 function is not necessarily 

bounded, its oscillation, quantified by the mean difference between the function and its average value, 

remains limited across all local domains. The class of functions whose deviation from their means 

over cubes is bounded is the space of functions of bounded mean oscillation which constitutes crucial 

function space in harmonic analysis, or 𝐵𝑀𝑂 (also called the John-Nirenberg space). In [6], John-

Nirenberg developed the space 𝐵𝑀𝑂(ℝ𝑑) of functions with bounded mean oscillation. 𝐵𝑀𝑂(ℝ𝑑) 

represents the space of all functions ℎ ∈ 𝐿𝑙𝑜𝑐
1 (ℝ𝑑) such that 

‖ℎ‖𝐵𝑀𝑂 = sup
𝑄⊂ℝ𝑑

|𝑄|−1 ∫|ℎ(𝑥) − 𝑄(ℎ)|  𝑑𝑥 < ∞, 

where the integral is over 𝑄 and the supremum is taken over the balls 𝑄 in ℝ𝑑 of measure |𝑄|, and 

𝑄(ℎ) stands for the mean of ℎ on 𝑄, namely, 

𝑄(ℎ) = |𝑄|−1 ∫ ℎ(𝑥) 𝑑𝑥 ≤ |𝑄|−1 ∫|ℎ(𝑥)| 𝑑𝑥 ≤ 𝑀 < ∞. (1) 

The space known as 𝐵𝑀𝑂(ℝ𝑑) is the dual of HS. Functionally, 𝐵𝑀𝑂 occupies an intermediary role, 

situated between the space of essentially bounded functions, 𝐿∞ , and the Lebesgue spaces, 𝐿𝑝 (for 

𝑝 < ∞). This position underscores its fundamental importance across diverse fields, including the 

study of Partial Differential Equations, the analysis of singular integral operators, and its intimate 

connection with Hardy spaces, thereby cementing 𝐵𝑀𝑂 spaces as an essential topic in theoretical 

mathematics, [1,3-5,7,10]. 

2. MAIN RESULTS 

2.1. Boundedness on Hardy Space 

The HS-boundedness of the ambiguity function will be our first topic. 

Lemma 1. If ℎ ∈ 𝐿1(ℝ𝑑), 𝑔 ∈ 𝐿1(ℝ𝑑) ∩ 𝐿2(ℝ𝑑),  then 𝐴(ℎ, 𝑔)(∙, 𝑤) ∈ 𝐿1(ℝ𝑑). 

Proof. For a fixed 𝑤 in ℝ𝑑, the function 𝐴(ℎ, 𝑔)(𝑥, 𝑤) depends on 𝑥. By changing variable 𝑡 −
𝑥 2 = 𝑎⁄ , we write 

𝐴(ℎ, 𝑔)(𝑥, 𝑤) = ∫ 𝑒−2𝜋𝑖𝑡∙𝑤ℎ(𝑡 + 𝑥 2⁄ ) 𝑔(𝑡 − 𝑥 2⁄ )̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑑𝑡  

                      = ∫ 𝑒−2𝜋𝑖𝑎∙𝑤−𝜋𝑖𝑥∙𝑤ℎ(𝑎 + 𝑥) 𝑔(𝑎)̅̅ ̅̅ ̅̅  𝑑𝑎. (2) 

Also by using Fubini’s Theorem, we get 

‖𝐴(ℎ, 𝑔)(∙, 𝑤)‖1 = ∫ |∫ 𝑒−2𝜋𝑖𝑎∙𝑤−𝜋𝑖𝑥∙𝑤ℎ(𝑎 + 𝑥) 𝑔(𝑎)̅̅ ̅̅ ̅̅  𝑑𝑎|  𝑑𝑥 

≤ ∫|𝑔(𝑎)| (∫|ℎ(𝑎 + 𝑥)| 𝑑𝑥) 𝑑𝑎 

= ‖ℎ‖1 ∫|𝑔(𝑎)| 𝑑𝑎 = ‖ℎ‖1 ‖𝑔‖1. 

Consequently, 𝐴(ℎ, 𝑔)(∙, 𝑤) ∈ 𝐿1(ℝ𝑑). 
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Theorem 1. Let 𝑔 be in 𝐿1(ℝ𝑑) ∩ 𝐿2(ℝ𝑑). The function (∙, 𝑔): 𝐻1(ℝ𝑑) → 𝐻1(ℝ𝑑), ℎ →
𝐴(ℎ, 𝑔)(∙, 𝑤), is bounded. Moreover, 

‖𝐴(ℎ, 𝑔)(∙, 𝑤)‖𝐻1 ≤ ‖ℎ‖𝐻1  ‖𝑔‖1. 

Proof. By using the equality (2), we get 

(𝐴(ℎ, 𝑔)(∙, 𝑤) ∗ 𝜑𝑡)(𝑥) = ∫ 𝐴(ℎ, 𝑔)(𝑥 − 𝑦, 𝑤) 𝜑𝑡(𝑦)  𝑑𝑦  

= ∫ (∫ 𝑒
−2𝜋𝑖(𝑎+

𝑥−𝑦
2

)∙𝑤
ℎ(𝑎 + 𝑥 − 𝑦) 𝑔(𝑎)̅̅ ̅̅ ̅̅  𝑑𝑎) 𝜑𝑡(𝑦) 𝑑𝑦 

= ∫ (∫ 𝑒−𝜋𝑖(𝑥−𝑦)∙𝑤𝐿−𝑎ℎ(𝑥 − 𝑦) 𝜑𝑡(𝑦) 𝑑𝑦 ) 𝑔(𝑎)̅̅ ̅̅ ̅̅  𝑒−2𝜋𝑖𝑎∙𝑤  𝑑𝑎. 

Applying the Minkowski's inequality for integrals and by using the translation invariant property of 

Hardy space, we have 

          ‖𝐴(ℎ, 𝑔)(∙, 𝑤)‖𝐻1 = ∫ sup
𝑡>0

 |(𝐴(ℎ, 𝑔)(∙, 𝑤) ∗ 𝜑𝑡)(𝑥)| 𝑑𝑥 

≤ ∫|𝑀𝑤𝑔(𝑎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅| (∫ sup
𝑡>0

 (∫|𝑒−𝜋𝑖(𝑥−𝑦)∙𝑤| |𝐿−𝑎ℎ(𝑥 − 𝑦)| |𝜑𝑡(𝑦)| 𝑑𝑦)  𝑑𝑥)  𝑑𝑎 

             = ∫|𝑔(𝑎)| (∫ sup
𝑡>0

 (|𝐿−𝑎ℎ| ∗ |𝜑𝑡|)(𝑥) 𝑑𝑥)  𝑑𝑎 

           = ∫|𝑔(𝑎)| ‖𝐿−𝑎ℎ‖𝐻1  𝑑𝑎 

           = ‖ℎ‖𝐻1 ∫|𝑔(𝑎)| 𝑑𝑎 = ‖ℎ‖𝐻1  ‖𝑔‖1. 

 

This concludes the proof. 

Theorem 2. Let ,  ∈ 𝐿1(ℝ𝑑) ∩ 𝐿2(ℝ𝑑).  If ℎ1, ℎ2 ∈ 𝐻1(ℝ𝑑), then 

‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ2,)(∙, 𝑤)‖𝐻1 ≤  ‖− ‖1‖ℎ1‖𝐻1 +  ‖‖1‖ℎ1 − ℎ2‖𝐻1 . 

Proof. We write 

‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ2,)(∙, 𝑤)‖𝐻1 

≤ ‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ1,)(∙, 𝑤)‖𝐻1 + ‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ2,)(∙, 𝑤)‖𝐻1. 

With 𝐴(ℎ1,)(𝑥, 𝑤) − 𝐴(ℎ2,)(𝑥, 𝑤) = 𝐴(ℎ1 − ℎ2,)(𝑥, 𝑤), we obtain 

((𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ2,)(∙, 𝑤)) ∗ 𝜑𝑡(∙)) (𝑥) = ∫ 𝑀𝑤𝑔(𝑎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (𝑀−𝑤 2⁄ 𝐿−𝑎(ℎ1 − ℎ2) ∗ 𝜑𝑡) (𝑥) 𝑑𝑎. 

Then by Theorem 1, we get 

‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ2,)(∙, 𝑤)‖𝐻1 ≤  ‖‖1‖ℎ1 − ℎ2‖𝐻1 . (3) 

Moreover, it is evident that 

𝐴(ℎ1,)(𝑥, 𝑤) − 𝐴(ℎ1,)(𝑥, 𝑤) = ∫ 𝑒−2𝜋𝑖𝑎∙𝑤−𝜋𝑖𝑥∙𝑤ℎ1(𝑎 + 𝑥) (− )(𝑎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  𝑑𝑎  

and  

((𝐴(ℎ1,) − 𝐴(ℎ1,))(∙, 𝑤) ∗ 𝜑𝑡(∙)) (𝑥) = ∫ 𝑀𝑤(− )(𝑎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (𝑀−𝑤 2⁄ 𝐿−𝑎ℎ1 ∗ 𝜑𝑡) (𝑥) 𝑑𝑎.  
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Again by Theorem 1, we write 

‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ1,)(∙, 𝑤)‖𝐻1 ≤  ‖− ‖1‖ℎ1‖𝐻1 . (4) 

Then from the equations (3) and (4), we obtain 

‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ2,)(∙, 𝑤)‖𝐻1 ≤  ‖− ‖1‖ℎ1‖𝐻1 +  ‖‖1‖ℎ1 − ℎ2‖𝐻1 . 

2.2. Boundedness on 𝑩𝑴𝑶 Space 

Now, we will investigate the 𝐵𝑀𝑂- boundedness of ambiguity function. In order to proceed, the 

following lemma must be established. 

Lemma 2. Let us assume that 𝑔 is a function belonging to the 𝐿1(ℝ𝑑) and is compactly supported 

(cs). If ℎ ∈ 𝐿𝑙𝑜𝑐
1 (ℝ𝑑), then 𝐴(ℎ,𝑔)(∙, 𝑤) ∈ 𝐿𝑙𝑜𝑐

1 (ℝ𝑑). 

Proof. Since 𝐴(ℎ, 𝑔)(𝑥, 𝑤) is a function of the first variable and 

|𝐴(ℎ, 𝑔)(𝑥, 𝑤)| ≤ ∫|𝑔(𝑎)||ℎ(𝑎 + 𝑥)|𝑑𝑎, 

we can get for any compact ball 𝐵 ⊂ ℝ𝑑 

∫ |𝐴(ℎ, 𝑔)(𝑥, 𝑤)|
.

𝐵

𝑑𝑥 ≤ ∫ |𝑔(𝑎)| (∫ |ℎ(𝑎 + 𝑥)|𝑑𝑥
.

𝐵

) 𝑑𝑎
.

ℝ𝑑
. 

Let 𝐾 ⊂ 𝑎 + 𝐵. As 𝐾 ⊂ 𝑠𝑢𝑝𝑝𝑔 + 𝐵, where 𝑠𝑢𝑝𝑝𝑔 is the closure of the set {𝑥 ∈ ℝ𝑑|𝑔(𝑥) ≠ 0}, is a 

closed and bounded set in ℝ𝑑 and ℎ ∈ 𝐿𝑙𝑜𝑐
1 (ℝ𝑑), hence we get 

∫ |𝐴(ℎ, 𝑔)(𝑥, 𝑤)|
.

𝐵

𝑑𝑥 ≤ ∫ |𝑔(𝑎)| (∫ |ℎ(𝑣)|𝑑𝑣
.

𝐾

) 𝑑𝑎
.

ℝ𝑑
= 𝑁 ‖𝑔‖1. 

So, 𝐴(ℎ,𝑔)(∙, 𝑤) is a locally integrable function. 

Theorem 3. Assume that 𝑔 ∈ 𝐿1(ℝ𝑑) is a function whose closed support is a compact set. The 

operator 𝐴(∙,𝑔): 𝐵𝑀𝑂(ℝ𝑑) → 𝐵𝑀𝑂(ℝ𝑑), ℎ → 𝐴(ℎ, 𝑔)(∙, 𝑤) is bounded. Moreover, 

‖𝐴(ℎ, 𝑔)(∙, 𝑤)‖𝐵𝑀𝑂 ≤ (‖ℎ‖𝐵𝑀𝑂 + 2𝑀) ‖𝑔‖1. 

Proof. Let 𝑄 ⊂ ℝ𝑑 be an arbitrary ball and ℎ ∈ 𝐵𝑀𝑂(ℝ𝑑). Then ℎ ∈ 𝐿𝑙𝑜𝑐
1 (ℝ𝑑) and so 𝐴(ℎ, 𝑔) ∈

𝐿𝑙𝑜𝑐
1 (ℝ𝑑)  by Lemma 2. By using the Fubini’s Theorem, we have 

𝑄(𝐴(ℎ, 𝑔)) = |𝑄|−1 ∫ 𝐴(ℎ, 𝑔)(𝑧, 𝑤)
.

𝑄

𝑑𝑧 

= ∫ 𝑒2𝜋𝑖𝑎∙𝑤𝑔(𝑎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (|𝑄|−1 ∫ ℎ(𝑎 + 𝑧)𝑒−𝜋𝑖𝑧∙𝑤
.

𝑄

𝑑𝑧)
.

ℝ𝑑
𝑑𝑎 

and from here, we write 

‖𝐴(ℎ, 𝑔)(∙, 𝑤)‖𝐵𝑀𝑂 = sup
𝑄⊂ℝ𝑑

|𝑄|−1 ∫ |𝐴(ℎ, 𝑔)(𝑥, 𝑤) − 𝑄(𝐴(ℎ, 𝑔))|
.

𝑄

𝑑𝑥 

= sup
𝑄⊂ℝ𝑑

|𝑄|−1 ∫ |∫ 𝑒2𝜋𝑖𝑎∙𝑤𝑔(𝑎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (ℎ(𝑎 + 𝑥)𝑒−𝜋𝑖𝑥∙𝑤 − |𝑄|−1 ∫ ℎ(𝑎 + 𝑧)𝑒−𝜋𝑖𝑧∙𝑤
.

𝑄

𝑑𝑧) 𝑑𝑎
.

ℝ𝑑
|

.

𝑄

𝑑𝑥 

≤ ∫ |𝑔(𝑎)| ( sup
𝑄⊂ℝ𝑑

|𝑄|−1 ∫ |ℎ(𝑎 + 𝑥)𝑒−𝜋𝑖𝑥∙𝑤 − |𝑄|−1 ∫ ℎ(𝑎 + 𝑧)𝑒−𝜋𝑖𝑧∙𝑤
.

𝑄

𝑑𝑧|
.

𝑄

𝑑𝑥) 𝑑𝑎
.

ℝ𝑑
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≤ ∫ |𝑔(𝑎)| ( sup
𝑄⊂ℝ𝑑

|𝑄|−1 ∫ |ℎ(𝑎 + 𝑥)𝑒−𝜋𝑖𝑥∙𝑤 − |𝑄|−1𝑒−𝜋𝑖𝑥∙𝑤 ∫ ℎ(𝑎 + 𝑧)
.

𝑄

𝑑𝑧|
.

𝑄

𝑑𝑥
.

ℝ𝑑

+ sup
𝑄⊂ℝ𝑑

|𝑄|−1 ∫ ||𝑄|−1𝑒−𝜋𝑖𝑥∙𝑤 ∫ ℎ(𝑎 + 𝑧)
.

𝑄

𝑑𝑧|
.

𝑄

𝑑𝑥

+ sup
𝑄⊂ℝ𝑑

|𝑄|−1 ∫ ||𝑄|−1 ∫ ℎ(𝑎 + 𝑧)𝑒−𝜋𝑖𝑧∙𝑤
.

𝑄

𝑑𝑧|
.

𝑄

𝑑𝑥) 𝑑𝑎 

≤ ∫ |𝑔(𝑎)| ( sup
𝑄⊂ℝ𝑑

|𝑄|−1 ∫ |ℎ(𝑎 + 𝑥) − |𝑄|−1 ∫ ℎ(𝑎 + 𝑧)
.

𝑄

𝑑𝑧|
.

𝑄

𝑑𝑥
.

ℝ𝑑

+ 2 sup
𝑄⊂ℝ𝑑

|𝑄|−1 ∫ ||𝑄|−1 ∫ ℎ(𝑎 + 𝑧)
.

𝑄

𝑑𝑧|
.

𝑄

𝑑𝑥) 𝑑𝑎. 

If we say 𝑈 = 𝑄 + 𝑎, 𝑎 ∈ ℝ𝑑, and using the inequality (1), we get 

‖𝐴(ℎ, 𝑔)(∙, 𝑤)‖𝐵𝑀𝑂 

≤ ∫ |𝑔(𝑎)| ( sup
𝑈⊂ℝ𝑑

|𝑈|−1 ∫ |ℎ(𝑢) − |𝑈|−1 ∫ ℎ(𝑣)
.

𝑈

𝑑𝑣|
.

𝑈

𝑑𝑢
.

ℝ𝑑

+ 2 sup
𝑈⊂ℝ𝑑

|𝑈|−1 ∫ ||𝑈|−1 ∫ ℎ(𝑣)
.

𝑈

𝑑𝑣|
.

𝑈

𝑑𝑢) 𝑑𝑎 

≤ ∫ |𝑔(𝑎)|(‖ℎ‖𝐵𝑀𝑂 + 2|𝑈|−1𝑀|𝑈|)𝑑𝑎
.

ℝ𝑑
 

= (‖ℎ‖𝐵𝑀𝑂 + 2𝑀) ∫ |𝑔(𝑎)|𝑑𝑎
.

ℝ𝑑
 

= (‖ℎ‖𝐵𝑀𝑂 + 2𝑀) ‖𝑔‖1. 

Theorem 4. Let ,  ∈ 𝐿1(ℝ𝑑)  be two compactly supported functions. If ℎ1, ℎ2 ∈ 𝐵𝑀𝑂(ℝ𝑑), then 

we have 

‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ2,)(∙, 𝑤)‖𝐵𝑀𝑂 ≤  ‖− ‖1(‖ℎ1‖𝐵𝑀𝑂 + 2𝑀) +  ‖‖1(‖ℎ1 − ℎ2‖𝐵𝑀𝑂 + 2𝑀). 

Proof. Let ,  ∈ 𝐿1(ℝ𝑑) be two cs functions and ℎ1, ℎ2 ∈ 𝐵𝑀𝑂(ℝ𝑑). So, ℎ1, ℎ2 ∈ 𝐿𝑙𝑜𝑐
1 (ℝ𝑑) and 

so 𝐴(ℎ1,)(∙, 𝑤), 𝐴(ℎ2,)(∙, 𝑤) ∈ 𝐿𝑙𝑜𝑐
1 (ℝ𝑑) by Lemma 2. Moreover, since 𝐴(ℎ1,)(𝑥, 𝑤) −

𝐴(ℎ1,)(𝑥, 𝑤) = 𝐴(ℎ1,− )(𝑥, 𝑤) and 𝐴(ℎ1,)(𝑥, 𝑤) − 𝐴(ℎ2,)(𝑥, 𝑤) = 𝐴(ℎ1 − ℎ2,)(𝑥, 𝑤), we 

obtain by Theorem 3, 

‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ2,)(∙, 𝑤)‖𝐵𝑀𝑂 

≤ ‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ1,)(∙, 𝑤)‖𝐵𝑀𝑂 + ‖𝐴(ℎ1,)(∙, 𝑤) − 𝐴(ℎ2,)(∙, 𝑤)‖𝐵𝑀𝑂 

= ‖𝐴(ℎ1,− )(∙, 𝑤)‖𝐵𝑀𝑂 + ‖𝐴(ℎ1 − ℎ2,)(∙, 𝑤)‖𝐵𝑀𝑂 

≤  ‖− ‖1(‖ℎ1‖𝐵𝑀𝑂 + 2𝑀) +  ‖‖1(‖ℎ1 − ℎ2‖𝐵𝑀𝑂 + 2𝑀). 

3. RESULTS AND DISCUSSION 

In present work, we have researched the ambiguity function which is defined as the two-dimensional 

autocorrelation of a waveform in both time and frequency and represents the limitations and utility of 

different waveforms and provides guidance for selecting appropriate waveforms for various 

applications. We investigate the boundedness of the ambiguity function on  𝐻1(ℝ𝑑) and 𝐵𝑀𝑂(ℝ𝑑). 

Mathematically, this study on the ambiguity function has focused on challenging subjects like Hardy 

and 𝐵𝑀𝑂 spaces, which play vital roles in theoretical mathematics within the context of operator 

theory and singular integrals. This rich theoretical background is expected to serve as a bridge with the 

potential to yield novel and applicable results in engineering. 
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